Abstract. Exponential stability of an impulsive functional-differential equation under perturbations is studied by means of a new method. . We transform a differential equation into an operator equation. The method is based on the equivalence of exponential stability and solvability of the operator equation in certain function spaces.
Introduction
The paper deals with the preservation of the exponential stability under small perturbations for the equation
±(i) + E Ak(t)x[hk(i)] = f(t) (t E [0, ), x(t) E
(1)
satisfying the impulsive conditions
with lim_ r = 00.
We consider perturbations of equation (1), precisely, of the functions Ak and h.k and caused by addition of new terms containing delay in the left-hand side of (1) . It turns out that the changing of parameters of problem (1),(2) on any finite segment does not affect its exponential stability. In particular, the removal or the addition of a finite number of impulses does not influence the stability.
The stability preservation under various perturbations is one of the central problems in stability. According to R. Bellman [4] the stability theory is a theory studying whether properties of an equation preserve under perturbations. The basic, instrument in the investigation of the stability preservation is the developed theory of differential and integral inequalities (see ' [4, 10, 19] ) as well as the method of Lyapunov functions and functionals (see [8, 15 -17, 20] )..
S
If the functions hk in equation (1) change, then the application of the above methods is not so efficient. The , rnethod we proposehere is quite different. It is based on the Bohl-Perron theorem (see 11, 6] ) for impulsive delay differential equations. This theorem connects the exponential stability and the solvability of the equation in certain function spaces. So the preservation of the exponential stability can be reduced to the preservation of the solvability of a linear equation. This problem is standard for linear analysis. It may be reduced to the estimation of the norm of the difference of corresponding operators. In' fact it is better to estimate the norm not of differential but of transformed integral operators. This method for the stability investigation for differential equations without impulses is developed in [5] . It is to be emphasized that results obtained by the method in the present work are new for delay differential equations without impulses as well.
In conclusion we note the growing role of different solution representations in stability theory (see [3, 9] ). We use the solution representation formula obtained in [1] .
Preliminaries
Let .1R' 1 be the space of n-dimensional column vectors x = Col (x i ,. .. , x,) with the norm II x II = max i << x (by the same symbol II II we shall denote the corresponding matrix norm), IE the n x n unit matrix and x : [0,co) -p JR the characteristic function of the set e: Xe(t) = lift E e and Xe(t) = 0 otherwise.
We consider the problem (1), (2) under the following assumptions: 
SS
The solution of the problem (1), (2) is a function x '= x(t) absolutely continuous on the interval [rj _'j , T3 ), right continuous , in the' points r, satisfying equation (1) almost everywhere and satisfying the impulsive conditions (2).
By Li] under the hypotheses (al) -(a6) the problem (i),(2) with x(Q) = a has one and only, one solution that . can be presented as 
the estimate
holds.
In the sequel we use the following function spaces on the half-line:
L (1' p oo) is the Banach space of Lebesgue-meaurable functions x: (0, oo) -IRn such that x' is integrable (x is essentially bounded on [0, oo) for p = oo) on the semi-axis with the usual norm. The same notation will be used for matrix-valued functions.
D (i p oo) is the space of functions absolutely continuous on the interval [r,_1, right continuous in the points r3 satisfying (2) and satisfying the inclusions x E L and 1 E L. This is a Banach space with the norm jj x jjD, = IIIIL + II X IIL, (see [1, 6] ).
Consider the following semi-homogeneous problem of problem (1), (2):
Theorem 1 (see [1, 6] (1), (2) has the exponential estimate
with positive constants N and 8.
Conversely, the condition t -h,(t) < 8 and the inequality (6) imply exponential stability of the problem (1), (2) (see [1, 6] ).
We also need the following result from the papers [1, 6 1 . Consider the problem (7) is in D and can be presented as (7) has the estimate (6) with N = 1 and /3=11.
±(t) + ax(t) = z(t) (t E [0,00), x(t) E lie)
X(0) = 0 (7) x(r,) = B,x(r, -0).
Lemma 1 (see [i, 6]): Suppose the hypotheseá (aS) and (a6) hold and v = a -I in M > 0. Then for any function z E L the solution x = x(t) of the problem
x(t) = (Wz)(t) = J exp [-a(t -s)] JJ B, z(s) ds (8) o s<r,<t
(we assume fJ9<. < t B, = E n if the interval (s, t] does not contain points Ti ). Besides, the fundamental matrix X(t, s) of problem

Perturbation on a finite interval or addition of new terms
Suppose the parameters of problem (1), (2) change on a finite interval. We consider the problem
= E(f, -0). (9) 
Theorem 2: Suppose there exists a number b> 0 such that a) h k is measurable and hk(t) = hk(t) for t E (b, co) b) Ak is integrable on [0, b] and Ak(t) = A t (t) for t € [b, oo) c)=r and B=B, for r,>b.
Let the hypotheses (al) -(a6) hold and let exist a number 6 > 0 such that t -h k( t ) < 6. If the fundamental function X(t, s) of the problem (1), (2) has the exponential estimate (6), then the fundamental function X(t, .$) of the problem
where
is a solution of the problem (10) for t b and i() = 0 if e > b (here i is treated as initial function). The solution of this problem can be presented as X(t) = X(t, b)(b) -J X(t, s) Ak(3)(hk(s)) ds
where X(t, s) is the fundamental function of problem (1) , (2) . 
11x(t)II
By applying the estimate (6) Consider the following perturbation of the problem (1), (2):
of X(t, s) we obtain
6+6 II x ( t )II <QN exp { -a(t -b)] + QN J exp [-f3(t -s)] ds < QNexp {_13(t_b)] + exp [-fl(t-b)]{exp(fTh) -1) = Qi exp [-f3(t -b)] <Q2exp[_fi(t_s)](t)
+Ak(t)x[hk(t)] A(t)x[(t)] = f(t) (t E [0, oo), x(t) E )
x (e) =,()
±(-j = B,X(T, -0).
We suppose that the hypotheses (al) Proof: For a fixed s the function X( . , s) is a solution of the problem
x(r,) = B,x(r -0) . (rj > s).
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By applying the solution representation (3) of problem (1), (2) with s being an initial point, we obtain
Therefore the estimate (6) If we denote y(t) maxj_6<<t II x (e, $ )II, then we obtain the inequality
By applying the inequality (2.5) from [101 we obtain the estimate 
(14)
By Theorem 2 the functions Ak may be changed on the egment [0, b] and it does not influence the existence of the exponential estimate for X(t, a). Therefore we assume that insteadof (14) we have the inequality . Then (13) and (15) The proof of the theorem is complete. I
Remark:
The scheme of the proof is similar to the proofs of the same assertions for delay differential equations without impulses (see, for example, [14] ).
Theorem 3 immediately implies the following two assertions.
Corollary 1: There exists a number i > 0 such that if the inequality
holds, then the estimate (6) for the fundamental function of problem (1), (2) (1), (2):
We assume that the parameters of the problem (16) also satisfy the hypotheses (al) -(a6).
Further we need a function that is often used when investigating equations with compositions x[h(t)] (see [2, 7, 11 -13, 18] Consequently,
The basic property of this function is expressed in the following substitution formula (see [11 -13] ) valid for x e L(0, c):
for all e C [0, C].
h -' (e)fl[O,c] e
If h is a monotone function, then the function ' is easily calculated and coincides with the derivative of the inverse function h. Properties of the function and its application to the investigation of delay differential equations are presented in the works of M. Drakhlin [11, 121 . 
t-.h(t)8, . t-ht(t)<5
and it' = naxlim sup p',(t) <00. There exists a number L > 0 such that if
max urn sup lI Ak ( t ) -4k( t )M < A and max lim sup I h k( t ) -h k(t) <Lx,
then the exponential estimate (6) for the fundamental function of the problem (1), (2) implies a similar estimate for the fundamental function X(t, s) of the problem (16) .
Proof: Without loss of generality we can assume that rn = 1 and, by Theorem 2,
IlA(t)-A(t)I<
We substitute x = Wz, where the operator W is defined by (8) , in the semi-homogeneous problem (5) and the corresponding semihomogeneous problem (16) ( 0 and x(0) = 0). After denoting by £ and £ the left-hand sides of the equations (5) and (16), respectively, we obtain (see Lemma 1)
where a+ max {a,0}. (1), (2) implies that the operator £ : D? -is invertible (see [6] ). Therefore the operator LW L 1 -L is also invertible. Thus it is sufficient to prove that
Consider the operator
for obtaining the invertibility of the operator LW:
The operator H can be written as sum
H. H1 + H2 + H3
and we will evaluate the norms of the summands H1 , H2 and H3 in L1.
Step 1: For H1 we have
s<r, (1(i) By inverting the order of integrating we obtain
• s<r,<h(t) fl B= fi B, 
I. E if h(t) < h(t) I Bk if h(t) h(t).
Then fexp(as)
The set e can be written as
Since the inequality Ih(t) -h(t) < A implies h(t) > h(t) -A and h(t) > h(t) -
The formulas (21) and (22) give (24) -.
-exp (-vp)] ell By comparing (20) and (24) 
